ABSTRACT
In the conventional approach for fluid-structure interaction problems, the fluid and solid components are treated separately and information is exchanged across their interface. According to the conventional terminology, the current numerical methods can be grouped in two major categories: Partitioned methods and monolithic methods. Both methods use two separate sets of equations for fluid and solid. A unified solution method has been presented [1] , which is different from these methods. The new method treats both fluid and solid as a single continuum, thus the whole computational domain is treated as one entity discretised on a single grid. Its behavior is described by a single set of equations, which are solved fully implicitly. In this paper, 2 time marching and one spatial discretisation scheme, widely used for fluids' equations, are applied for the solution of the equations for solids. Using linear stability analysis, the accuracy and dissipation characteristics of the resulting difference equations are examined. The aforementioned schemes are applied to a transient structural problem (beam bending) and the results compare favorably with available analytic solutions and are consistent with the conclusions of the stability analysis. A parametric investigation using different meshes, time steps and beam sizes is also presented. For all cases examined the numerical solution was stable and robust and proved to be suitable for the next stage of application to full fluid-structure interaction problems. 
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INTRODUCTION
Fluid structure interaction (FSI) occurs in many areas of engineering (aerospace, civil or mechanical) as well as other scientific disciplines including medicine, biomechanics etc. The term FSI describes the influence of a fluid variable (for example pressure or temperature) on a solid and crucially vice versa. This interaction between the two components may be due to thermal transfer or momentum transfer or often a combination of the two. This paper is concerned with the interaction between a solid body and a fluid due to momentum transfer only. More specifically, is concerned with the local deformations of the solid rather than the bulk deformation and rigid body motion [2] .
During this interaction, the fluid normal and shear stress act on the structure and cause it to deform, which in turn affects the fluid flow and consequently the stress field of the fluid. Thus, the response of the system can be determined only if the fully coupled problem is solved. This interaction can have an enormous effect on the speed of pressure wave propagation and becomes particularly important when the liquid is almost incompressible, in which case the deformation on the solid cannot be neglected [3] . The reliable prediction of pressure waves is important in liquid filled vessels such as arterial flow, impact on liquid filled containers, pipelines etc.
The different numerical techniques for the solution of the equations describing an FSI problem are classified according to the way time is treated. Numerical methods can be grouped in three major categories: partitioned methods, monolithic methods and single solution methods. Figure 1 below assists the reader with the conceptual understanding of the single solution method and its differences from the conventional methods.
Partitioned methods
In the partitioned methods, shown schematically in Figure 1a , the fluid and solid solution domains are partitioned, the equations for both components are solved alternatively and the enforcement of kinematic and dynamic conditions at the interface is asynchronous. Typically two separate software packages are used for modeling the solid and fluid components. Partitioning leads inherently to loss of conservation of properties of the continua (fluid and structure). The energy increase in the system leads to instability, which is the major drawback of the method. An overview of the benefits and disadvantages of these methods can be found in [4] . 
Monolithic methods
The monolithic methods, shown in Figure 1b , use two separate sets of equations for fluid and solid, couple the fluid dynamics and structural dynamics implicitly and solve them synchronously at their common interface [5] . These methods can be unconditionally stable and energy conserving when the modified Osher scheme is used for the fluid elements [6] .
Single solution method
The single solution method [1, 7] used in this paper is a fully coupled method in which the fluid and solid are solved simultaneously for each time step in a single solution domain ( Figure  1c) . A single set of equations is used to describe the fluid and solid and their interface is contained within the solution domain itself making the coupling inherently implicit. The objective is to model fluid and solid simultaneously in a single solution environment and thus to eliminate stability problems associated with the segregated approach.
MATHEMATICAL FORMULATION
This paragraph is concerned with the presentation of the mathematical formulation of the unified method for the solution of the equations for solids and liquids as described in [1, 7] . The resulting set of equations contains the three velocity components and pressure as unknown variables. The deformations are assumed to be small.
The following equations describe continuum media and are thus valid for both solids and fluids.
Momentum equation (neglecting body forces):
σ ⋅ ∇ = ρ ⋅ ∇ + ∂ ρ ∂ ) ( UU t U (1)
Continuity equation (or mass conservation):
The difference between solid and fluid lies in the constitutive equation for the stress tensor, σ. For linear elastic, or Hookean solid σ is given by:
and for the linear viscous or Newtonian fluid is given by:
where ε is the strain tensor, is the strain rate tensor and dev(.) is the deviatoric part of the a tensor.
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The density and pressure for both liquids and solids are linked with the barotropic relation:
where K is the bulk modulus. The definition of pressure for solids will be given later on. For small variations in pressure about a reference pressure p 0 , equation (5) can be linearised as:
In order to get to a single set of equations, the stress tensor for the solids is written as a function of velocity and pressure. This is done in two steps: in the first step we create a velocity formulation from the standard displacement formulation and in the second we extract pressure by splitting the stress tensor to its deviatoric and hydrostatic part.
Displacement formulation for solids
Using the definition of the strain tensor
and substituting in equation (3), we obtain the stress tensor is as a function of displacement:
The momentum equation can then be written as:
This is the standard equation for displacement that is used in stress analysis for solids. In order to derive equation (8), it was assumed that the convection term in equation (1) is negligible for small deformations.
Velocity formulation for solids
Displacement can be obtained by integrating the velocity using any integration method. In the present paper we use the trapezoidal rule (see Figure 2 )
where the superscripts (n) and (o) denote the new and old time step respectively. Substituting (9) into equation (8), we obtain a velocity-based formulation: 
where the tensor Σ + contains the contribution of the 'old' time instant. This is the end of the first step mentioned earlier. The next step is to extract pressure.
Velocity-pressure formulation for solids
The stress tensor σ can be split to its deviatioric and hydrostatic part:
i.e. pressure is defined as
. This definition of pressure has been used in the past [8] in order to handle incompressible solids and to avoid the node-locking problem. Substituting into the momentum equation we get:
This is the final form of the momentum equation for solids that contains velocity and pressure as unknowns.
DISCRETISATION METHOD
The system of momentum and continuity equations needs to be solved numerically for the primitive variables of velocity and pressure. The finite volume (FV) method has been widely used in computational fluid dynamics for the solution Navier-Stokes equations but only in recent years in the area of stress analysis. However, since we seek a unified solution method, the finite volume method is used here for solids as well.
The momentum equation in a semidiscretised form can be written as:
where H(U) contains the contributions of the surrounding nodes as well as all other source terms except pressure. Substituting equation (13) and equation (6) into the continuity equation (2) and setting ψ=ρ 0 /K, a new PDE for pressure can be obtained:
Velocity-pressure coupling
In order to ensure that the velocity field satisfies the continuity equation, the Pressure Implicit with Splitting of Operators (PISO) algorithm was adopted [9] . The PISO algorithm is most suitable for transient problems and can be used for compressible flows in an iterative manner. This solver has been widely used in fluids, but it can now be used for solids as well since we have the same pressure-velocity formulation.
Boundary conditions
The implementation of the boundary conditions for the fluids is well known. On the other hand care should be taken in the choice of boundary conditions for solids. The solid requires a traction boundary for pressure and velocity that can be obtained by applying force balance at the boundary.
STABILITY ANALYSIS
Having reformulated the equations for solids to resemble those of fluids and having selected a single discretisation method for both components, the next step is the selection of appropriate time marching and spatial discretisation schemes. In finite elements, one of the most widely used time advancement schemes for structural dynamic problems is the Newmark scheme which can provide very accurate and non-dissipative results if its coefficients are appropriately chosen. In the present paper we select time and spatial discretisation schemes for the reformulated equations for solids that are identical with those widely used for the transient fluids equations.
The purpose of this section is to assess the stability, accuracy and dissipation characteristics of these schemes when applied to the solids equations.
A number of methods exist to investigate the stability limits of a discretisation scheme. One such method is the Fourier or Von Neuman analysis [10] . This method is used to investigate the stability of the numerical method for the solution of the one-dimensional displacement equations used in the standard stress analysis and the one dimensional velocity equation developed and used in this paper.
Displacement formulation for solids
The standard stress analysis equation in one-dimension with the assumption of constant density is written as: where the Courant number is C 0 =c∆t/∆x. The stencil of this Euler implicit scheme is shown in Figure 3a .
where the Courant number is C 0 =c∆t/∆x. The stencil of this Euler implicit scheme is shown in Figure 3a . It is assumed that the solution of the finite difference scheme can be written as a Fourier series in complex, exponential form for any time level, n. After substitution, factorization and cancellation of the common terms the characteristic or dispersion equation is obtained:
where λ is the amplification factor between two consecutive time steps, α=2π/N and N∈ [2,∝) . 
Velocity formulation for solids
The one-dimensional velocity formulation for solids, with the assumption of constant density, is equivalent to the following system of first order ordinary differential equations:
For equation (19), the first order Euler implicit difference approximation is used to approximate the first order time derivative and for the space derivatives the second order central approximation. These choices for the time marching and spatial discretisation schemes are very popular for the equations for fluids. The trapezoidal rule is used for the approximation of the integral in equation (20), as already mentioned. The system of Equations (19) and (20) after substitution of time and space approximations can be written as:
The stencil of this system of equations is shown in Figure 3b . It is assumed that the solution of the finite difference scheme can be written as a Fourier series in complex, exponential form for any time level, n. However, since we have now two equations, the stability is determined by the eigenvalues of the amplification matrix. After substitution, factorization and cancellation of the common terms the characteristic or dispersion equation for the eigenvalues is obtained: It can be seen from figure 4 that the time and spatial discretisation schemes used for the velocity formulation lead to an unconditionally stable method for all C 0 . The numerical damping (dissipation) is also smaller compared to the one added by the scheme used for the displacement equation.
In the following section the aforementioned schemes are applied for the solution of a two dimensional structural dynamic problem and the results are discussed in the light of the previous 1D linear stability analysis.
VALIDATION OF THE RESULTS
The mathematical model and the solution method are standard for compressible or incompressible fluid modeling, but as they are new for solids it needs to be tested.
A transient beam-bending case is chosen to test the method. This case was chosen because apart from normal stress it comprises also shear stress. The effect of shear stress is of great importance in wave propagation, thus such a case would be a good validation tool. Figure 5 shows a schematic representation of the case considered. A two-dimentional analytical solution for the steady state of the maximum end displacement at x=0 is given by [11] :
In order to calculate the main frequency of oscillation of the beam, a one-dimensional approximation is used for which an analytical solution is available. Unfortunately a two dimensional solution for the frequency has not been found. Thus, the 1D solution is used only as a rough reference guide to validate the computational results. The fundamental eigenfrequency of the undamped oscillation is: 
RESULTS
The time integration scheme used for equation (12) was first-order Euler implicit. A 40x10 mesh was used with a time step 10 -4 s corresponding to Co=0.33. Convergence was achieved using two PISO loops and four pressure-velocity loops for each time step. The solution gives a sinusoidal oscillation of the beam about the mean static deflection. The beam oscillates with a frequency of 3.32Hz and with maximum and mean deflections of 0.62m and 0.31m, respectively. The calculated values are quite close to the values from the analytical solution, which predicts a maximum deflection of 0.68m and an oscillation frequency of 3.35Hz. A comparison between the standard displacement formulation and the new velocity-pressure formulation is shown in Figure  6 . For the standard stress analysis formulation, the finite volume method was used using a second-order central discretisation scheme in space and a first-order time integration scheme. The results obtained using the two formulations agree quite well. In order to investigate the numerical dissipation of the two methods, a calculation was performed until time t=100s. In a previous study [1] , it was found that the standard stress analysis completely dissipates after 56 beam oscillations, whereas the velocity formulation has dissipated 33% after 332 oscillations. The reason for this behavior can now be explained from the conclusions of linear stability analysis presented earlier on. In Figure 4 , it was shown that the velocity formulation is less dissipative compared to the displacement formulation for all Courant numbers. Clearly a more accurate time approximation would reduce the amount of dissipation in the standard formulation. For example, as already mentioned, the Newmark time integration scheme can provide very accurate and non-dissipative results [8, 12] .
The effect of the discretisation scheme used for the first order time derivative will now be investigated. The discretisation schemes compared are Euler Implicit and Backward Differencing (or three time level method). The latter is a second order accurate scheme and is also frequently used in computational fluid dynamics. In Figure 7 it can be seen that the Backward Differencing scheme is less dissipative that the Euler implicit, as expected. Over a period of 30s (300,000 time steps) the Euler Implicit dissipated about 14.7% and over 100 s (1,000,000 time steps) about 33.3%. On the other hand the Backward Differencing over a 30 s period has much smaller dissipation. The results of the first order accurate Euler Implicit scheme with a decreased time step can be compared with those of the second order accurate Backward Differencing scheme. In figure 9 , the envelope of the Backward Differencing scheme exhibits repeatable beats. The beats can be either physical or numerical and related to the discretisation of the computational domain. If these beats are physical they can only represent the first eigenmode of the vibration. In order to investigate this, the two-dimensional beam bending case was run using ANSYS finite element commercial package. The beats appearing in the envelope of the displacement of our discretisation have a frequency of 0.2369 Hz, where the frequency of the first mode found by ANSYS is 0.677 Hz. Thus, it can be concluded that their appearance is of numerical nature. In Figure 9 , the beats are independent of time step size. The effect of mesh size on the beats was also investigated. The mesh resolution presented up to now has been 40x10 cells. In the third direction there is always one cell. As this is a twodimensional investigation, displacement and velocity are not computed in the third direction. For the other meshes use the time step size is kept the same ∆t=10 -4 s resulting in a C 0 =0.33 and the discretisation scheme for the temporal term is Backward differencing. The different mesh resolutions applied were 60x20 and 200x50 cells in x and y direction respectively. The results are presented in Figure 10 . Beats appear in the displacement envelope in all cases compared, but their number decreases with the increase of the mesh resolution. The frequency of the beats in the 40x10 cells mesh is 0.1148 Hz, while for the 60x20 reduces to 0.1309 Hz and for 200x50 drops down to 0.0782Hz, thus almost disappear (only two beats in 300,000 time steps corresponding to 100 oscillations).
A parametric study was also undertaken with different beam dimensions and end load. The conditions, the predicted and analytic results as well as their difference are shown in the following In all cases the time step used was ∆t=10 -4 s, the temporal discretisation scheme applied was Backward differencing and the mesh resolution was kept equivalent with the beam length i.e. constant ∆x. For example, for the case with 10m beam length the mesh used was 20x10cells. The end displacement is shown in figure 11 . The percentage differences between the analytic solution and the predictions for this case are slightly above 10% as shown in Table 2 . It must be noted however that as the analytical solution is 1D, the shorter the beam is in relation to its height, the less accurate the solution would be. For the case with double the beam length (40mx5m) the mesh used was 80x10cells ( Figure  12 ). The end displacement was 4.72m and the frequency was 0.86 Hz. The percentage difference between the analytical and the numerical solution is 2.05 % and for the displacement 9.21% (Table 2 ). In the case where the applied end shear was halved τ=5e5 Pa the mesh resolution was 40x10 cells, the same as the one in the base case. Figure 13 presents the results. The maximum end displacement is 0.313m and the frequency of the oscillation of the beam is 3.29 Hz i.e. the frequency does not depend on the applied load. The percentage difference for the frequency between the analytical solution and the numerical solution is 1.79 % and for the maximum displacement is 7.94 % ( Table 2 ). 
IMPLEMENTATION IN FSI
The method can be directly used in a fluid-structure interaction problem to create a monolithic algorithm where a single mesh and a unified method is used for both fluids and solids. The grid cells will hold an extra property defining the phase of the medium, i.e. whether it is a fluid or a solid. In that way according to the phase the appropriate material properties associated with the state of the continuum will be used.
CONCLUSIONS
The single solution method [1, 7] suitable for fluid-structure interaction problems is general, with no approximations made to the basic continuum model for Hookean solids and Newtonian fluids.
The principal idea is that the fluid and structural analysis is performed by a single set of equations in a single solution domain, in a fully implicit and coupled manner. The single set of equations has as primitive variables velocity and pressure. The pressure-velocity coupling is handled using the PISO algorithm. Note also that since pressure is used as an independent variable, the study of structural deformations of fully incompressible solids is straightforward while well-known problems such as node locking [13] are avoided.
The unified solution method for FSI was validated in this paper against a transient beam bending case. The discretisation method was stable and less dissipative than the standard stress analysis descretisation method used. This was in agreement with the one-dimensional linear stability analysis.
The comparison of the Backward differencing with Euler implicit for the discretisation of the temporal term showed that the former introduces smaller amounts of dissipation and gives more accurate results. The decrease of the time step size by a factor of 10 for the Euler implicit improves the accuracy and brings the results closer to these of Backward differencing.
The results showed that the unified solution method is capable of solving standard solid mechanics problems with sufficient accuracy. The next step of this work is the application of this method to full FSI problems.
